The stability of the motion of the planet satellites is considered in the model of the general three-body problem (Sun-planet-satellite). "Sundman surfaces" are constructed, by means of which the concept "Sundman stability" is formulated. The comparison of the Sundman stability with the results of Golubev's c 2 h method and with the Hill's classical stability in the restricted three-body problem is performed. The constructed Sundman stability regions in the plane of the parameters "energymoment of momentum" coincide with the analogous regions obtained by Golubev's method, with the value (c 2 h) cr .
INTRODUCTION
The study of the motion stability of the planet satellites has been usually performed by means of the Hill surfaces (Hill, 1878) constructed either for the model of the restricted three-body problem (Proskurin, 1950) , or for the problem of Hill (Hagihara, 1952) . Since Golubev (1967 Golubev ( , 1968 Golubev ( , 1985 who developed the method it is sometimes referred to as c 2 h method for the general three-body problem, the stability analysis of the motions is usually carried out by Golubev's method. This method is based on the famous Sundman inequality (Sundman, 1912) . The search for regions of stable motions in the general three-body problem is divided into two tasks:
-determination of stability regions in the plane of two free parameters -the constant of the energy integral and constant of the moment of momentum integral, -determination of stable regions in the space of the coordinates used. Actually Golubev (1967) carried out the complete solution of the first task by the introduction of "the index of Hill stability" s = c 2 h, where h is the energy constant, and c is the moment of momentum constant. Golubev showed that the curve s = s cr is the boundary of the stability region in the plane of ch, where the value of s cr is calculated at the Eulerian inner libration point L 2 with the use of the known equation of fifth power as some function of body masses. The solution of the second problem is considerably more complex, since it requires the construction of the Sundman surfaces in the multidimensional space of the coordinates used. For the solution of this problem Golubev (1968) applied the simplified Sundman inequality, with the aid of which the solution of problem leads to the construction of Hill curves in the plane of two rectangular coordinates x and y.
Some authors (Marchal, Saari, 1975) , (Zare, 1976) , (Marchal, Bozis, 1982) , (Marchal, 1990 ) have elaborated the Golubev's results with the use of the simplified Sundman inequality.
The construction of the regions of possible motions in the space of the selected coordinates with the use of the exact Sundman inequality is hindered by the large number of variables. Thus, in the relative or Jacobian coordinate systems the number of the variables is six: three coordinates of one body and three of the other. Therefore, the construction of the Sundman surfaces can be carried out in the six-dimensional space of these coordinates.
In the large series of works (Szebehely, Zare, 1977) , (Walker, Emslie, Roy, 1980) , (Donnison, Williams, 1983) , (Donnison, 2009) , (Li, Fu, Sun, 2010) , (Donnison, 2010) and other authors the determination of the regions of the possible motions is carried out in the six-dimensional space of the Keplerian elements a 1 , a 2 , e 1 , e 2 , i 1 and i 2 or in the four-dimensional space a 1 , a 2 , e 1 and e 2 for the planar problem. At the same time, the construction of the Sundman surfaces and, thus, the determination of the regions of possible motions and stability regions can be conducted in the space of three variables. This substantially facilitates the readability of results and eases their application. This possibility is explained by the fact that the exact Sundman inequality depends on the coordinates only by means of three quantities -three mutual distances between the bodies.
The article (Lukyanov and Shirmin, 2007 ) is likely to be the first work that confirmed this possibility. In this work the mutual distances between the bodies are the rectangular coordinates. The existence of the Hill surfaces's analogue for the general three-body problem in the space of the mutual distances is shown here using the exact Sundman inequality. The stability regions are determined in the space of the mutual distances and have the form of an infinite "tripod".
Lukyanov (2011) used another choice of three coordinates. The coordinate system is determined by the accompanying triangle of mutual positions of bodies. Namely, the origin of the coordinate system coincides with one of the bodies, the axis x is directed towards the second body, the axis y is perpendicular to the axis x and lies in the plane of the triangle. In this coordinate system the position of all bodies is determined by three coordinates x, y, R, where x and y are the coordinates of the third body, and R is the distance between the first and second bodies. The system of coordinates xyR is to a certain degree similar to the rotating coordinate system in the restricted three-body problem following the motion of the basic bodies.
Then, in the space of the coordinates xyR the Sundman surfaces are constructed, the singular points of surfaces (coinciding with the Euler and Lagrange libration points) are located, the regions of the possible motions and Sundman stability regions are determined. The stability region of any body relative to the other body in the space xyR has the form, similar to an infinite "spindle". No restriction on the masses of bodies or their mutual positions is assumed in this case.
In the present work the method of constructing the regions of the possible motions (Sundman lobes) in the general three-body problem is presented. The Sundman stability analysis of the natural satellites of the planets is carried out, using the high-precision ephemeris of the natural satellites of planets calculated on the web-site "Natural Satellite Data Center" (NSDC) (Sternberg Astronomical Institute, Moscow) (http : //www.sai.msu.ru/neb/nss/index.htm).
SUNDMAN SURFACES
The regions of possible motions of bodies in the general three-body problem are determined by Sundman inequality
where the force function U and the barycentric moment of inertia J are determined by the expressions:
C = −h is the analogue of the Jacobi constant, h is the energy constant, B = c 2 /2 is the Sundman constant, c is the constant of the integral of area. Here: G is the universal gravitational constant, m 1 , m 2 , m 3 are the masses of bodies, m = m 1 + m 2 + m 3 is the total mass of the system, R 12 , R 23 , R 31 are the mutual distances between the bodies.
Constants C and B are determined by the initial conditions in the barycentric coordinate system from the relationships:
r i , V i , (i = 1, 2, 3) are the barycentric state and speed vectors of the bodies. The boundary of the region of possible motions can be established if in (1) inequality is replaced with equality:
This equality determines the equation of the Sundman surface. In the general case the mutual distances in (5) depend on nine coordinates of three moving bodies, which substantially hampers the construction of the Sundman surfaces. The transformation to the relative coordinate system makes it possible to reduce the number of coordinates to six. However, in this case the construction of the Sundman surfaces should be conducted in the six-dimensional space. Furthermore, the number of coordinates can be reduced to three if the positions of bodies are determined by the following special coordinates.
The position of the body M 2 relative to the body M 1 will be characterized by the abscissa R on the axis M 1 X. we will define the position of the body M 3 relative to M 1 by the rectangular coordinates X and Y in the system of M 1 XY , which always lies in the plane that passes through all three bodies. The positions of the bodies in the coordinate system M 1 XY R are defined by three quantities -coordinates X, Y and R, which allows us to construct the Sundman surfaces in the three-dimensional space.
We will use a dimensionless system of coordinates M 1 xy making the substitution
Then the mutual distances between the bodies can be expressed in terms of three quantities x, y, R. The Sundman surface equation transforms to the form of the functions of three variables
Equation (7) allows us to conduct the construction of the Sundman surface in the three-dimensional cartesian space of variables xyR.
The singular points of the Sundman surfaces are determined from the system of three algebraic equations
From the third equation of this system it is possible to determine the mutual distance R between the bodies M 1 and M 2 in the form of the function of unknowns x, y and constant C:
Substituting this expression for R to the first two equations of set (8), we will obtain the system of two equations with two unknowns x and y: 
The second equation in set (10) can be satisfied in two ways: to set y = 0 or to consider as zero the entire coefficient in the brackets with y. The first possibility (y = 0) leads to the collinear singular points, the second -to the triangular.
For y = 0 we obtain from set (10) one equation for the determination of the coordinate x of the collinear singular points
The derivative ϕ ′ (x) is always positive, and the following limits take place:
This proves the existence of three real solutions of the equation ϕ(x) = 0, which, in their turn, determine three collinear singular points of the family of the Sundman surfaces in space xyR.
where the coordinates x i are determined by the numerical solution of equation (11). But if y = 0, then after simple conversions we obtain two triangular solutions of set (10)
which determine two triangular singular points in the space xyR:
The obtained collinear and triangular singular points correspond to the collinear Euler and triangular Lagrange solutions known in the general three-body problem.
Collinear singular points in the space xyR lie in different planes R = R i , i.e., R i = R j , and for triangular singular points the following equality is fulfilled:
Knowing the coordinates of singular points and constant C, from formula (7) the values of Sundman constant B 1 , B 2 , B 3 and B 4,5 in all singular points L i , (i = 1, 2, . . . , 5) are calculated. Constants C and B i are connected by reciprocal proportion
where (r 23 ) i and (r 31 ) i are calculated at the singular point L i . The relations (16) have been established by Golubev (1967) in the c 2 h method.
Singular points are the points of bifurcation, in which a qualitative change in the shape of Sundman surface occurs. The curves (16) on plane CB are the boundaries of the topologically different regions of the possible motion. The curve L 2 limits the Sundman stable region of the body M 3 , and this stable region is shaded (Fig.1) . The general form of the Sundman surfaces for three bodies with the mass ratio proportional to 9:3:1 is shown in Fig.2 ; the section of the Sundman surfaces by the planes R = R 2 and y = 0 is presented in Fig.3 .
In the general three-body problem, as in the restricted problem, the concept of Hill stability is conserved. But, to distinguish it from the restricted problem in the general three-body problem, we will call this stability Sundman stability.
We will call the motion of the body M 3 in the general three-body problem stable on Sundman if there are such regions of the possible motions, limited by the appropriate Sundman surfaces, inside which the body M 3 will be always (at any instant of time) located at a finite distance from one of the bodies M 1 or M 2 . In other words, the body M 3 will be an eternal satellite of one of M 1 or M 2 bodies, while bodies M 1 or M 2 can be at any distance one from the other, including infinite. Criterion of Sundman stability is the inequality
where B 2 is the value of Sundman constant in the inner Euler libration point L 2 . The fulfillment of this condition guarantees that the body M 3 can be: in some "spindly" surfaces (see Fig.2, 3 ) remaining the eternal satellite of a body M 1 ; or in other "spindly" surfaces, remaining the satellite of body M 2 , or in a remote open oval area, when the distance between bodies M 1 and M 2 remains finite, not exceeding Gm 1 m 2 /C. This last case can be treated as Sundman stability of the relative motion of bodies M 1 and M 2 . Thus, for (17) any pair of bodies will have Sundman stability if at the initial instant the bodies forming this pair are in one of these regions of stability. The loss of stability (body M 3 leaving the "spindly" area) occurs if the value R is close enough to its value R 2 at the libration point L 2 .
SUNDMAN STABILITY OF THE PLANET SATELLITES' MOTION
The analysis of Sundman stability of the motion of all known natural planet satellites of the Solar System is investigated with the presented theory. The ephemeris of all planet satellites are calculated with the most uptodate theories implemented on the NSDC website (Natural Satellites Data Center) (Sternberg Astronomical Institute, Moscow, Russia), constructed by Emelyanov, Arlo (2008) (http : //www.sai.msu.ru/neb/nss/index.htm). From these ephemeris constants C, B and B 2 were calculated in the barycentric coordinate system. Sundman stability was determined from formula (17).
For each satellite the construction of the Sundman surface sections by the coordinate plane xy was also conducted. The sections are given for the Jovian satellite J6 Himalia and J9 Sinope (Fig.4) . Himalia's Sundman curve is within the Sundman stability region, Sinope's curve is outside. In spite of the location of the Sinope orbit inside the Sundman lobe, which corresponds to Sundman constant value B = B 2 , its energy is sufficiently high, and it has a potential capability to leave this lobe (see the dash curve). But this does not mean that the satellite will leave the vicinity of the planet without fail. Sundman instability means that the Sundman surfaces are open and allow it to leave the vicinity of planet. But the Sundman surfaces do not tell if this will occur or not. The same case is for the Hill stability.
Lukyanov (2011) showed the Sundman stability of the Moon motion. The Sundman stability results for the rest satellites are given in Tables (1-5 ). The tables also list the results of the classical Hill stability. All satellites are located in the order of increasing semimajor axes of their orbits around the planet. The relative masses of distant planet satellites obtained from satellite photometric observations (Emelyanov, Uralskaya, 2011) , are taken from the web-site NSDC (http://www.sai.msu.ru/neb/nss/index.htm).
The For these satellites we obtained instability, while in the work cited these satellites were indicated as being stable. This is likely to be due to the approximation of the three-body problem by two problem of two bodies and also by the neglect of orbit inclinations. We conducted the construction of regions of possible motions in the three-dimensional space of xyR, while in all works of other authors the value of R is excluded from the examination, and the constructions of regions of possible motions are conducted in the xy-plane. For this reason in the c 2 h method it is not possible to get a number of important results. For example, it cannot be obtained that the loss of stability (withdrawal of the body M 3 from the stability region) can occur only for a certain distance between the bodies M 1 and M 2 . Generally, Sundman curves in the plane R = const with a change in R can sharply and qualitatively differ from Hill's curves, as shown by Lukyanov (2011).
DISCUSSION
The famous Sundman inequality in the general three-body problem takes the form
For the material motions of bodies, i.e., with the fulfillment of conditionsJ 2 ≥ 0, it determines the regions of possible motions satisfying the inequality
The boundaries of the region of possible motions are determined by the equation
which we call the equation of the Sundman surface, while the stability in Hill's sense for the three-body problem -Sundman stability. By analogy with the surfaces of the zero speed in the restricted three-body problem, we may call the Sundman surfaces in the general three-body problem the surfaces of zero rate of change of the barycentric moment of inertia of bodies (J = 0). The determination of the Sundman stability and the construction of the Sundman curves in the plane of parameters C and B (see Fig. 1 ) is completely solved by Golubev 1 (1967) in his c 2 h method (in our designations c 2 = 2B, h = −C). Now this method is called Golubev's method. Golubev's method determines not the surfaces, but the Sundman curves located in the plane of the triangle formed by the mutual distances between the bodies. The mutual distances between the bodies R 13 and R 23 are substituted by the relative values R 13 /R and R 23 /R, and the value of R = R 12 is generally excluded from examination.
Equation of "current" Sundman curve in Golubev's method has the form of the hyperbola CB = const. If in this case the constants C and B are expressed in term of any other variables, then, in its turn, the task of construction of the Sundman curves in the space of these variables arises. Thus, in the large series of works of (Szebehely and Zare, 1976) , (Walker, 1983) , (Donnison, 2010) and many other authors the task of constructing Hill-Sundman curves and determination of stability regions in the general three-body problem is solved by Golubev's method in the space of six quantities: semimajor axes a 1 , a 2 , eccentricities e 1 , e 2 and inclinations i 1 , i 2 , for calculation of the constants C and B the approximation of three-body problem by two problems of two bodies is used. This introduces a certain error to the solution of problem. Besides, the value of R remains unknown.
For the representation of the Sundman curves on the plane xy, Golubev (1968) considered another method. He used the simplified Sundman inequality instead of the exact inequality (19)
which is the consequence of inequality (19) and is obtained after the multiplication of inequality (19) by U, taking into account inequalities C > 0 and U > C. Inequality (21) does not reflect the entire diversity of the Sundman surfaces. Like the c 2 h criterion (obtained from the condition of the positivity of the discriminant of the quadratic trinomial for R from the left side of the Sundman inequality), simplified inequality (21) does not contain the mutual distance R 12 = R. Therefore, by means of inequality (21), it is possible to construct not the surfaces, but the Sundman curves in the plane of relative coordinates xy. The construction of these curves was subsequently conducted in the works of (Marchal, Saari, 1975) , (Marchal, Bozis, 1982 ) and other authors. Thus, the task of constructing the Sundman surfaces in the space of the coordinates used remained incomplete before the publication (Lukyanov, Shirmin, 2007) and (Lukyanov, 2011 ) appeared. Lukyanov, Shirmin (2007 used the mutual distances between the bodies as the coordinates. This made possible to construct exact Sundman surfaces in the three-dimensional space of mutual distances. Lukyanov (2011) used the more convenient rectangular coordinate system xyR, determined by the accompanying triangle of mutual positions of three bodies.
In these works the exact Sundman inequality (19) is used and, therefore, the value of R is not excluded from the examination. In this case no simplifications or assumptions are applied. The construction of the Sundman surfaces is implemented in the threedimensional space of the coordinates used with the determination of the singular points of surfaces, regions of the possible motion and Sundman stability regions.
Regions of the possible motion constructed by means of the exact Sundman inequalities differ from analogous regions defined according to the simplified Sundman inequality, both quantitatively and qualitatively.
The stability regions determined by the simplified Sundman inequality (21) have larger sizes than those calculated by exact inequality (19). Therefore, the stability obtained by means of (21) can turn to instability, when using exact inequality (19).
It is easy to derive by means of the exact Sundman surfaces that the loss of Sundman stability for the body M 3 can occur only when a certain distance R between the bodies M 1 and M 2 takes place, so that the "passage" through the neighborhood of the singular point L 2 is open. It is caused by the fact that the singular points of the Sundman surfaces are determined by three coordinates L i (x i , y i , R i ) and in the space xyR they lie, generally speaking, in different planes. This result cannot be established with the aid of inequality (21), since it does not depend on R.
The construction of exact Sundman surfaces allows us to define the regions of possible motions for any of the three bodies and for any values of C and B. Using the Sundman surfaces yields, for example, that with the fulfillment of the stability criterion the body M 3 (it can be any body) for any time −∞ < t < ∞ will be located at a finite distance from one of the bodies M 1 or M 2 or at a large distance from these bodies. Qualitatively, the analogous result is known for the Hill surfaces in the restricted three-body problem as well. If the body M 3 is located, for example, in the stability region near M 1 , then the Sundman surfaces admit the possibility of retreating of the body M 2 to any large distance from the pair M 1 , M 3 . For the Hill surfaces this situation is not possible.
By means of the Sundman surfaces it is possible to establish the stability of only one pair of bodies, and the third body will be in this case unstable in the Sundman sense. Sundman surfaces do not establish the simultaneous stability of three bodies, i.e., guaranteed location of all bodies in a certain finite region of the space (Lagrange stability), although these surfaces do not exclude this case. Sundman instability does not mean that a body will necessarily leave the neighborhood of another body. The Sundman surfaces do not allow us to determine if this retreat will actually occur. This result is analogous to that of Hill stability. The determination of Sundman stability of the planet satellites of the Solar system conducted in this study shows the effectiveness of the use of Sundman surfaces in the coordinate form.
We believe that our results represent a certain interest for celestial mechanics and for astronomy as a whole. 
